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Abstract 
This paper presents a new approach to solving the inventory routing problem. This approach could be classified as a first 
cluster - second route. In the first step a new formulation of mixed integer programming is used to determine the partitioning 
of customers as well as dates and quantities of deliveries. Then, using any algorithm for solving the traveling salesperson 
problem the optimal routes for each partition are determined. Although in the first step the set partitioning model is applied, 
one of the main components of the objective function is approximate routes length. While the routing and inventory costs are 
considered parallel, the formulation is not so complex compared to classical approaches with exact route length calculation. 
The presented formulation has been used to solve the problem of determining a delivery plan from a fuel base to 36 fuel 
stations of one network operating in Poland. In addition in this formulation more than one item is taken into consideration. 
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1. Introduction 
The increasing popularity of management concepts based on the cooperation of businesses along the supply 
chain encourages businesses to use modern methods for their operational planning. The main feature expected 
from contemporary approaches is to enable the simultaneous analysis of the flow of goods along the chain at 
multiple links of the chain. Nowadays, an appropriate structure of a distribution system and selection of 
distribution and inventory policies affects not only the cost of product supply execution, but also inventory cost 
and customer service quality. In their efforts to improve the selected characteristics of the entire or a particular 
part of the supply chain,  businesses have to solve problems which prove much more complex than in the case of 
traditional approaches, where a single subject is analyzed only. 
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An example of one such traditional method regarding distribution planning is the vehicle routing problem 
(VRP). In this problem, a vendor, knowing the quantities of orders placed by geographically dispersed customers, 
plans delivery routes for his vehicle fleet. While placing an order, a customer specifies the required delivery date. 
Each delivery plan concerns a single period and the planning process is repeated in consecutive periods. In the 
planning of delivery operation, this classic problem has, with growing frequency, been generalized to admit the 
possibility of the vendor determining delivery dates.  
In operations research, the problems of simultaneous determination of delivery dates and quantities as well as 
routes are known as inventory routing problems (IRPs). Apart from the two components, these problems also 
include numerous further assumptions, which make the entire IRP problem group so distinct. Among the criteria 
used to classify IRP problems, the most commonly used include: length of the planning horizon, 
inclusion/exclusion of storage cost, a customer’s demand (variable or constant in time, expressed 
deterministically or stochastically), and type of solution searched for. 
2. Literature review 
The paper by Beltrami and Bodin (1974) may be deemed a pioneering work regarding IRP problems. This 
work, presented in the 1970’s, focused on modeling and simple solution techniques. In the following papers by 
Fisher et al. (1982) and Bell et al. (1983), mixed integer programming was used first to obtain a solution for the 
IRP instance. Subsequently, the first approach to solve a large IRP instance was made by Golden et. el. (1984) 
and by Dror (1985), they investigated the large distribution system of liquid propane to residential and industrial 
customers.  
The IRP research directions can be divided into three main streams. In the first stream, the vehicle routing 
formulation is extended to take into consideration time horizon and inventory issues. This field was initiated in 
research by Fisher et al. (1982) and Bell et al. (1983), where the set partitioning formulation is incorporated into a 
discrete time inventory planning problem. This approach is described as the application of time-discretized 
integer programming models to determine the set of customers to be visited, as well as the amount of product to 
deliver. Actually, such problem formulation enables a route covering timetable to be generated. Recent studies in 
this area include research by Bertazzi et al. (2007) and Campbell and Savelsberg (2004). The first paper covers 
the analysis of interrelations between transportation costs and inventory costs for a simple task with five 
customers. The second branch of research analyzes the use of similarly defined mixed integer programming 
models to determine suggested delivery quantities over a long time horizon. Subsequently, the values thus 
determined are used in the second phase to compute the exact quantities of delivery over a short time horizon. 
The most promising formulation in this field was proposed by Archetti et al. (2007) and Archetti et al. (2009). In 
the first paper, the exact procedure is presented while the second describes the hybrid heuristic where the MIP 
formulations and tabu search are combined into an iterative algorithm. The average error of hybrid heuristics for 
small instances (up to 50 customers and up to 6 periods) is lower than 0.1% whereas the maximum error is lower 
than 2%. In comparison, the heuristic proposed by Bertazzi et al. (2002) guarantees an average error below 3% 
and a maximum error lower than 15%. 
Campbell and Savelsberg’s results may also be included in the second stream of research, where the planning 
horizon is shortened through the computation of suggested replenishment quantities over a long time horizon and, 
based on the results obtained, the subsequent determination of a supply timetable and routes for the next few 
days. The first papers in this branch were: Dror et al. (1985) and Dror and Ball (1987). This approach was 
extended upon and improved in Trudeau and Dror (1992). The last paper in this stream, Bard et al. (1998a, 
1998b), works with a rolling horizon of IRP where a short term planning problem is defined for a two-week 
period. According to the rolling horizon approach, only decisions for the first week are implemented.  
The third research stream considers the division of a customer base into delivery groups based on their 
respective demands and other method-specific parameters. Then, each delivery is performed to all customers in a 
given group with routes determined with use of the classical VRP or TSP algorithms. Such approach is used, 
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among others, in papers Anily, S., Federgruen (1990, 1991 and 1993). In these approaches, it was assumed that 
each customer belongs to one or more delivery groups. If such situation occurs a specific fraction of its demand is 
allocated to each of appropriate delivery group. The class of low complexity heuristics is proposed and it is 
showed that the obtained solutions are asymptotically optimal. In the paper by Gallego and Simchi-Levi(1990) a 
lower bound on the long run average cost over all inventory-routing strategies is proposed. This lower bound is 
used to point out that the effectiveness of direct shipping over all inventory-routing strategies is at least 94% 
whenever the Economic Lot Size of each of the retailers is at least 71% of vehicle capacity. 
The research method presented is an attempt to use time-discretized integer programming models to solve a 
real life multi-item IRP. Given the relatively small size of the problem (100 locations, 3 items and a 7-day 
planning horizon), integer programming has been used to determine a fuel distribution. The proposed formulation 
is based on location based heuristics (LBH) introduced by Bramel and Simchi-Levi(1995). In comparison to the 
primary formulation in this approach more then one item was considered. Additionally, based on empirical 
observations the seed sets technique was simplified and the decision model was slightly changed. The considered 
algorithm was implemented to solve the fuel distribution problem. Despite the extended literature review, only a 
limited number of papers considering a multi-item inventory routing problem were found. Sombat et al.(2005) 
adopted the policy in which each vehicle always collects the same set of items. A set partitioning problem was 
implemented to minimize the long-run average inventory and transportation costs. The column generation 
approach was proposed to determine a lower bound on the total costs, and a branch-and-price algorithm to find 
the optimal assignment of items to vehicles. Shan-Huen and Pei-Chun (2010) use the ant colony optimization to 
plan deliveries to vending machine. In this paper, the modeling of multi-item inventory management with the 
vehicle routing is proposed by shortening the planning horizon to 1 day. The transportation and inventory costs 
are extended by stock out costs. 
3. Inventory Routing Problem 
Planning deliveries which exclusively respond to customer-placed orders (the vehicle routing problem) is a 
relatively complex problem. If a vehicle can deliver goods to multiple customers without the need to replenish 
the stock of carried goods, it as a NP-difficult problem. In the supply planning for the strategy described above, 
where it is the vendor who sets the delivery date, one further dimension is added to the space of admissible 
solutions: delivery date. Moreover, additional conditions need to be taken into consideration, such conditions 
reflecting the specific task: the vendor assumes the liability for deficits, if any, or for exceeding the maximum 
allowed quantity of goods. 
An IRP concerns a repeated distribution of a uniform product from a vendor to n customers over a given 
planning horizon T. For each customer i, the daily product consumption ui and maximum warehouse capacity ci 
(for this product) are given. During the period 0, the state of the warehouse is described as Ii. The vendor operates 
a homogenous fleet of m vehicles with a capacity of Q per vehicle, used to deliver the supplies. 
The objective is to minimize the total distribution and inventory cost over the planned horizon T, under the 
assumption that none of the customers reports stockout. A solution to an IRP is a detailed way of distributing 
goods (delivery quantities and dates, as well as the delivery routes for each vehicle in every period). Such a 
solution is known as a distribution and stock replenishment policy. 
The first formulation of the IRP model considered in this paper is a set partitioning formulation for solving the 
vehicle routing problem with a discreet, cyclic supply planning model. This approach is very often put into 
practice where the decision-maker at the beginning of optimization process determines a set of routes possible to 
carry out.  
In the formulation presented by the formulas (1)-(8) the indexes i, j and k are, respectively, customers, routes 
and periods. The parameter ai,j contains routes possible to carry out. The element has a value of 1, when a 
customer i is serviced in a route j and of 0 otherwise.  The parameters bi and cj stand respectively for the costs of 
inventory of a goods unit with a customer i and for the costs of carrying out of a route j. Then the parameter di is 
the customer demands, lastly gi is the minimum inventory level to be kept at customer i. Additionally, the 
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capacity of a vehicle used in transportation is denoted by an L symbol. The parameter M is also used in the 
formulation, signifying a positive value greater than the sum of all recipient demands in the analyzed horizon. 
This parameter is used in the model for technical reasons. 
Three groups of decision variables were used in the formulation. The group of binary xj,k variables should 
be enumerated as the first one. They have the value of 1 when a route j is carried out in a period k and of 0 
otherwise. Further, two groups of variables related to supplies were used –  yi,k and zi,j,k. The first is the stock in 
customer i in a period k, while the second is the delivery quantity to a customer i in a route j and in a period k. 
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The goal function expressed by the formula (1) ensures minimizations of joint costs in the entire planning 
horizon. The first sum components are the transportation costs, while the second one is the inventory costs. The 
constraint (2) provides the combination of the zi,j,k and xj,k  variables. It guarantees that deliveries will be carried 
out only in periods when a route encompassing a given customer will be executed. The constraint (3) is 
responsible for maintaining the maximum vehicle capacity. The formulas (4) and (5) express the constraints 
guaranteeing the continuity of the inventory policy. Thus, the constraint (4) guarantees continuity in the periods 
from 1 to p-1. Regarding the constraint (5), as it is assumed that transportation is cyclic, combines stock from the 
period p with those from the period 1. The constraints (6), (7) and (8) are bounds for the decision variables x, y 
and z. 
4. The application of location based framework 
In the second proposed models the simplification of representation is taken into account. In the classical 
routing model the route length is presented as the sum of route arcs. These arcs have to create a coherent cycle 
(Fig. 1a), which causes the most problems when solving this task.  
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Fig. 1. Route of vehicle (a) determining exact route length; (b) simplified way to determining route length 
As an alternative method of determining the route length was presented by splitting the route into two 
components. The first is the length of the direct route from the warehouse location to the furthest customer on the 
route. The second component is the increase in the direct route from the warehouse to the furthest customer after 
adding to it an additional customer. Each additional customer is an additional element of the second component. 
The length of the route from the warehouse (node number 1) to 5 customers presented in the figure (Fig. 1b) in 
the proposed approach will consist of a direct route length to the furthest customer (customer 5) and the sum of 
increases in that route after adding ever single customer from 4 additional customers in this route(i.e. customers 
6,5,3,2). It should be noted, that while on the figure (Fig. 1a) the weights of the arcs of the graph correspond to 
the distance between the customers, on the figure (Fig. 1b) the weight of arcs (1,5) is equal to the length of the 
direct route to customer 5 (i.e. 1-5-1), and the weights of the remaining arcs, i.e. (5, n) are equal to the increase in 
length of the route 1-5-1 after adding to it customer n (i.e. 1-5-n-1). The seed points (concentrators) have to be 
farther from depot then each customer visited in this route (Fig. 2). Based on empirical results it was observed 
that such approach of route cost calculation ensures the best results. 
 
 
 
 
 
 
 
 
 
Fig. 2. The tour used to construct heuristic (a) location based heuristics;(b) proposed implementation; 
The length of the route consisting of one or two customers determined in this way is equal to the result using 
the exact method. For routes consisting of 3 or more customers, we can speak only about an approximation. It is 
expected that the more number of customers the worse the approximation is, however it has not been confirmed 
by empirical research. The selection of the main customer who is furthest away from the warehouse has been 
confirmed empirically as the best. Compared with the solutions lengths for the test set consisting of selected VRP 
instances, the routes generated with approach further customer provided better solutions than nearer customer. 
The application of the proposed approach in IRP solving is the formulation presented by the formulas (6)-
(14) the indexes i, j are customers, and k are periods. The parameter wi,j represents the arc weight calculated as 
mentioned before in this approach. The parameters bi stand for the inventory costs of items unit at customer i. 
The symbol Ui represents maximum stock level at customer i. Then the parameter di is the customer demand. 
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Additionally, the capacity of a vehicle used in transportation is denoted by a Q symbol. The parameters Z, V 
correspond to maximum number of customers in one route and to maximal number of vehicle used in one period, 
respectively. The parameter M is also used in the formulation, signifying positive value greater than the sum of 
all customers’ demands in the analyzed horizon. This parameter is used in the model only for technical reasons. 
Three groups of decision variables were used in the formulation. The binary variable xi,j,k have the value of 
1 when a customer j is served as an additional customer and customer i is served as a main customer in the same 
route in a period k and of 0 otherwise. Further, two groups of variables related to stock were used –  yi,k and zi,j,k. 
The first is stock in customer i in a period k, while the second is the delivery quantity to a customer i in a route j 
and in a period k. 
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The goal function expressed by the formula (9) ensures minimizations of the approximate transportation 
costs. The constraint (11) combines the visiting customers as a main and as additional customers. The constraint 
(12) is responsible for taking care of vehicle capacity. Then the constraint (13) provides the combination of the 
zi,j,k and xi,j,k  variables. It guarantees that deliveries will be carried out only in periods when a route with a given 
customer is executed. The formulas (14) and (15) ensures that the stock are continues in consecutive periods. The 
constraints (16) prevents split deliveries, while the constraints (17) guarantees, that the appropriate number of 
vehicle is used. Then constraints (18) are taken into consideration the beginning inventory levels at each 
customer. Finally the constraints (19), (20) and (21) are bounds for the decision variables x, y and z. 
732   Paweł Hanczar /  Procedia - Social and Behavioral Sciences  54 ( 2012 )  726 – 735 
After solving the presented below optimization problem the routes should be determined for each set of 
customers (i.e. the main customer and additional customers) using the chosen solving algorithm TSP. In this case 
the 2-optimal method was used. 
5. Application Example 
Distribution of petroleum products from fuel bases and distribution centers to the end customers is 
handled in two steps. In the first step fuel is delivered to petrol stations in special fuel tanks. The second step is 
individual fuel collection by the end customers directly from the fuel station. Due to the high price of fuel which 
can be observed today, companies now compete strongly with other market participants and seek for 
opportunities to reduce costs in all possible areas. Such an area is transport of fuel to petrol stations. Important for 
effectiveness in this area is the appropriate planning of delivery routes from warehouse and distribution centers to 
petrol stations. 
Fuel distribution market contains a strong concentration of businesses. In most European countries a 
limited number of fuel station networks with a total market share of over 90% exists. Deliveries to petrol stations 
are carried out by external transport companies or own fleet on behalf of the central office and are based on the 
consumption at the individual stations. This organization of distribution enables the implementation of advanced 
distribution planning methods, such as vendor managed inventory - in short VMI. In this approach, the supplier 
assumes the responsibility for determining of delivery dates and gains the ability to group deliveries to locations 
in short distances. In the case of a petrol station network the supplier role is taken by the central office. Due to 
consolidation in time of deliveries to closer located petrol stations the network gains an additional tool to reduce 
transport costs.  
Unfortunately, none of the fuel station networks in Poland agreed to provide actual data. Presented 
instances have been prepared on the basis of detailed information about the location of the fuel base, locations of 
fuel stations and transport infrastructure. Tank size in the individual stations and their daily consumption was 
estimated after observation and surveys with station staff. In order to evaluate the algorithm, 5 test instances were 
developed. 
The analyzed distribution system consists of 36 customers and one depot. Detailed data are available via 
email. Planning horizon consists of 7 periods (1 week). There are 3 products distributed to petrol stations, diesel, 
95 octane and 98 octane. The capacity of each vehicle used in the distribution process is 6 tanks each 5200 litres 
denoted as T in model. The fuel in one tank must be completely delivered to one customer. The goal is to 
determine a fuel distribution plan from the fuel base to fuel station during one week. Shortages of fuel are not 
allowed in each station. The objective is minimizing the total length of routes performed in order to supply the 
appropriate amount fuel. In addition, the levels of fuel at the end of the planning period can not be lower than at 
beginning. 
In order to solve the prepared instance of IRP the proposed approach has been used to simplify the way of 
route representation. In this case, in order to take into account specific issues of instances, some additional 
modifications are implemented. The decision variables representing the delivery quantity as well as decision 
variables correspond to the stock level at suppliers was extended by the additional index l. It enables us to 
consider three different items. In addition, variable zi,j,k,l, which represents the number of cells delivered to fuel 
station should be discrete. In the described case it was assumed that it is continuous. Since in the real solution it 
should be rounded, in the model the minimum level of fuel at the station will be constrained to ½ the size of the 
tank. Such an approach is practically accepted as fuel consumption at stations varies, so the delivery plans must 
be periodically reviewed. The prepared model was presented by formulas (21) - (31). 
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The presented model for the analyzed instances consists of about 35 thousands decision variables 
(including exactly 4662 binary variables). In the case of the formulation (1) - (8) it would be necessary to 
generate about 2 million routes. This means that the model of presented instance will include 2 million binary 
variables, and additional time to generate routes and determine their length will be needed. The solution to the 
instance presented below has been solved on a computer with an Intel Core 2 Duo 1.8 GHz. The optimization 
process was interrupted when the value of gap between goal function and lower bound was below 5%. 
Additionally the simple cutting set of arcs technique was implemented. Each test instance was solved without 
arcs between fuel stations whose length exceeds 25km. The obtained results are compared with solution to the 
problem with complete set of arcs. 
The presented model was also used to determine the cost of delivery to a fuel station in the situation where 
only direct deliveries occur. It means that every delivery is performed to exactly one fuel station but it could 
contain all three types of fuel. Only the decision variables xi,j,k for i = 0 were taken into account in this version of 
the model. The other decision variables of this group have been removed from the formulation. In this 
comparative variant the solution process was interrupted when the gap between goal function and lower bound 
was below 1%.  
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Table 1. Computational results on test instances 
Direct routes Proposed algorithm with cutting arcs Proposed algorithm  
Instance 
Solution [km] Solution [km] CPU [s] Solution [km] CPU [s] 
df01 13 079 10 861 16 10 861 530 
df02 14 025 12 859 22 11 470 396 
df03 12 607 11 256 5 9 961 890 
df04 14 191 13 069 20 11 644 750 
df05 13 985 12 441 24 11 043 800 
 
The results obtained for test instances are presented in table (Tab. 1). In the first column the symbol 
indicating test instance is presented. Then the length of route if only direct deliveries are applied. The next 
columns contain the solution of IRP determined by the hybrid algorithm and the solution time, respectively. In 
the two last columns the total length and solution times are presented for algorithm with cutting technique. The 
average decrease of total length after implementing IRP approach is about 19% and 11% respectively for 
solutions without and with cutting arcs technique. While the solution time for variants without edges between 
fuel locations is shorter then 25 s and 48 times shorter then in case of the variant with complete set of arcs, the 
obtained results are worse by 9%. The test instances used are available to researchers via e-mail.  
6. Conclusion 
The paper presented a modification of location based framework to solve the inventory routing problem. 
In the first step the proposed MIP model is used to determine the partitioning of customers. Then, using any 
algorithm for solving TSP are determined the optimal routes for each partition. The usage of simplification of 
route representation allows the application of the mathematical programming. This approach is a new direction in 
the development of an algorithm for solving the IRP class, as well as other routing problems. The need to take 
into account the routes as well as stock levels results in a strong limited number of approximate methods of 
solving the IRP. As in the case of TSP or VRP classes. Despite an extensive literature review only a couple of 
heuristic algorithms was found. Such methods are complicated and in general don’t take into considerations the 
deliveries of more than one product.  
The presented solution aims at presenting broad applicability of location based framework proposed 
originally by Bramel and Simchi-Levi(1995) for both researchers and practitioners. For the former can be a new 
field of research. It is easy to notice, that the way to simplify the representation of the route is in the fact always 
longer then the length of the exact route. This observation may lead to use this representation to develop not only 
methods of determining the upper bound for the IRP, but also solution algorithms to other real life instances. In 
addition, the mathematical programming model can be extended and applied in other versions of the IRP class. 
Moreover, the efficiency of it can be improved by techniques of seed sets generation as well as removing the 
edge.  
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